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Real-Space Analogue of Reflexion Quartets
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The use of reflexion quartets in combination with reflexion triplets in direct methods is shown to be
equivalent to the maximum-density concept introduced with the procedure of phase correction. For a
specific form of phase correction it is shown that in addition to the triplet contributions it includes the
quartet contributions to a phase indication. Probability formulae for the different cases of combined
triplet-quartet contributions are derived. The possibilities for extension and improvement by using

other forms of phase correction are given.

1. Introduction

‘Relations of the second kind’ (Schenk, 1973) and re-
lated procedures are known and used in programs for
direct sign or phase determination (Stewart, 1970;
Germain, Main & Woolfson, 1970). In a paper by
Schenk (1973) the use of reflexion quartets in direct
methods as an extension of the use of reflexion triplets
was considered. In this paper for mainly empirical
reasons the weighting or probability of the quartet con-
dition,

COS (Phy + Py + Vs + 0n) > 1, 6]

where — means ‘is probably’ and h,+h,+h;+h,=0,
was combined with the weight of corresponding triple-
product relations

Cos (¢h| + ¢h2+ ¢h3 +h4) —1
COos (¢h| + ¢h3 + ¢h4+h2) —1 (2’)
COS (Pp, + Pny+ Prg ) — 1

to improve the reliability of the quartet relation. The
result of the combined weighting scheme was called a
‘strengthened quartet relationship’. Though used mainly
with centrosymmetric structures where the relations
concern signs instead of phases the usefulness for non-
centrosymmetric structures was stated.

In a paper by Hauptman (1974) a selection rule and
an estimation were given for those reflexion quartets
which probably result in a negative value for the cosine
invariant of (1). This was called a ‘negative quartet
relation’. A following paper by Schenk (1974) showed
the application of these negative quartets to centro-
symmetric structures.

In a series of papers (Hoppe & Gassmann, 1968;
Hoppe, Gassmann & Zechmeister, 1970; Gassmann &
Zechmeister, 1972) a procedure called ‘phase correc-
tion” was introduced and shown to be useful not only
for completion of partial structures but also to replace
and substitute the normal extension and refinement
procedures of direct methods. The theory of phase cor-
rection explains the differences and advantages com-
pared with normal direct methods.

In numerous experiments and actual structure deter-
minations this theory has been confirmed. For a given
initial phase set, application of phase correction results
in a wider range of convergence towards the correct
phases compared with the normal phase-determination
procedures (e.g. ‘tangent refinement’).

A major point in the development of phase correc-
tion was the concept of maximum electron density. In
phase correction this maximum-density concept intro-
duces phase values or phase changes which are marked-
ly different from the normal phase-determination
process. It will be shown below that this effect is due
to the inclusion of quartet and higher-order relations
if a specific form of phase correction is applied.

2. Notation

E,=E, =normalized structure factor with index h;.

E,=normalized structure factor amplitude.

@, =structure factor phase.

E,;3=E,, ., =normalized structure factor with index
h, +h;.

Ef =structure factor calculated from modification
process.

Egbs=observed structure factor amplitude.

{p),{cos 9),{E,E,_, >, (E,y=average, expectation
values.

o(r)=electron density.

o*(r)=modified electron density.

g(0)=modification function.

N=number of atoms in unit cell (assuming equal
atoms).

T,a,b,c=parameter and coefficients for cubic-term
phase correction.
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P =probability.

R,, Sy=proportionality factors for structure factor
convolutions.

Iy, I; =modified Bessel functions of the second kind.

—="]s probably’.

3. Theoretical considerations

Most existing phase-determination procedures are ap-
plied in reciprocal space for several reasons. The main
reasons are that

(@) probability estimates are given for the phases as
functions of structure factor amplitudes and

(b) for a few initial phases the convolution process
to get new phases is fast, compared with the equivalent
operation in real space.

Nevertheless the investigation of direct methods and
their interpretation is often much easier in real space,
as will be demonstrated.

For ease of argument in our presentation we assume
equal-atom structures. The change to different atom
types can easily be done and involves mostly replace-
ment of N (=atoms/unit cell) against more compli-
cated coefficients.

We consider now different possibilities of modifying
the electron density in real space. The simple form of
squaring

o*=¢’ ©))

(Sayre, 1952) is the real-space equivalent of the convo-
lution of structure factors in reciprocal space (Karle
& Karle, 1966):

E,=S, Z E E = VN<Eh'Eh—h'> . 4)
g

Deduced from statistical arguments the probability
that a single contribution of the right side of (4) has a
phase (g, different from the actual phase ¢, of the
structure factor E, is given by (Cochran, 1955):

dp=0—{pp); A= V—ZN EvEw Ey_y
P(4p)=exp {4 cos (49)}/2nl(A) . %)

The important point is the dependence on the phase
difference
P(dp)~exp {A cos (4p)} . (5a)

This relation can be extended (Cochran, 1955), equa-
tion (10)] if several phase indications, i. e. several con-
tributions to the convolution, are present:

P(dp)=exp {4’ cos (d¢)}/2nl(A4") (5b)

where

2 m
A'=—|E, D E E,_,|. (5¢
VNlh% wEn-wl )

REAL-SPACE ANALOGUE OF REFLEXION QUARTETS

Generalizing these probability considerations one finds
that the essential form arises from the expression:

P(4p)~exp [~ |E,—<EI?] . (6)

The interesting, 4¢p-dependent part of the probability
is calculated as

P(4¢)~exp [Ex(ES ) +E_<Ep)]

=exp [2|EF™(Ef)| cos ¢, (6a)

where 4¢p now means the phase difference between the
actual and the calculated phase. The normalization of
the probability gives the proportionality factor.
The squaring principle automatically leads one to
higher powers of modification:
e*=¢"; n>2. @)
The case n=3, equivalent to
Q* =Q3 ’ (7(1)
shows the general argument involved. The correspond-
ing double convolution in reciprocal space is:

E,=R, Z Z Ep Ey_p By
P
=NKEyEy_p DBy . (8)

For a single contribution
. 1
(E,,>= N Ev Ey _pEp_p s

which leads to a probable-phase indication derived
from (6a):

P(g)~exp [Ex(Ef)+E_(Ef)]
=exp [% E.E,..Ey _p Ey_ye COS 5]

P(0)=exp (B cos 8)/2nly(B) . C)

The distribution of P(d) again is peaked at =0 like
(5) for large values of B=(2/N)E,E, .Ey _p Ep_p.
However depending upon the value N this peak will
not be so distinct, i.e. the probability is less, compared
with the triple-product peak of (5).

The effect of modification with higher powers of o
is evident. The reciprocal-space representation involves
multiple convolutions. For a single contribution of
such a representation the phase indication is again
calculated after (6a). Raising the power from nto n+1
means essentially the inclusion of a factor E/)N into
the exponent of (6a). Assuming a reasonable structure
size, it is obvious that the precision of such a single
phase indication decreases.

For the process of phase correction a general modi-
fication function was introduced (Hoppe & Gassmann,
1968):

0*=g(.0. (10)
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As explained in detail in a later paper (Hoppe, Gass-
mann & Zechmeister, 1970) this function g(g) must not
necessarily be analytical if applied in direct space. For
reciprocal-space application however, it is best to de-
velop g(g) in a power series to see the convolutions

involved:
e* =7 a0".
n

The process of phase correction is successful if at least
three terms of (10a) are present:

(10a)

(10d)
Simple calculations give the coefficients a,b,c as:

_1=-2T b_1+T e — 1
“=a-r "Ta=r T a-Te
where 0 < T'< 1 is a parameter for changing the electron
density (Hoppe & Gassmann, 1968). For simplicity
and comparison with published results in reciprocal
space (Hauptman, 1974)t we take T=% and we get:

o*=ag+bg*+co®.

1 The derivation in this paper corresponds more closely to
a value T=0: g*=g+0*—@® which assumes a good estimate
for E,; see below.

p=3p*-2¢°

Fig. 1. Different types of density modifications which are
applicable in reciprocal space because of the limited number
- of structure factor convolutions involved.

///7

Fig. 2. Phase diagram representing the vector components to
form the expected structure factor (Ef).
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0*=30"-2¢° (10¢)

or ‘
e*~o'—%¢0° (10d)

which may be compared with the former density mo-
difications (Fig. 1).

The form of the reciprocal-space representation of
(10¢) is:

Ez=3l/N<Eh'Eh—h’>—2N<<Eh”Eh’—h">Eh—h'> . (1 1)

As can be seen from Fig. 1 the cubic term, i.e. the
double convolution, is necessary to keep an upper
limit of electron density and to confine approximate
densities to sensible physical values (see below).

What is now the phase indication from single con-
tributions of (11)? If one assumes three structure fac-
tors which form one triple product of the double con-
volution E,..E,._,.-E,_, in (11) to be known, one ob-
tains from reasoning similar to that set out in the
literature the expected value of E, for fixed values of
the structure-factors products (Woolfson, 1954):

<Eﬁ>"_ Eh By _p By

VN (Ep Ep_p +Ep _p By _prpprr + Eg By ) . (12)

In this equation are also included the double products
of the single convolution arising from the structure
factors E,.., E,._,.. and E,_,.. These double products
contain the structure factors E,_,.., E,_; 4, and E,,
which are also assumed to be known.

For clarity, indices are now replaced by numbers,
one summation of numbers means vector addition of
indices:

hAl; h"A2; h'—
Equation (12) then reads:

h'A3; h—W A4
2
CEf)= VN (EEs 4+ E3Ey s+ EE, 4 5) — — E2E3E4
(12a)
The phase probability for this single contribution is
P(e)~exp [2E,{E$) cos ]

=€Xp [ VN {E1E2E3+4 COS a+E1E3E4+2

x cos f+ E\EE, 3 cos y}

- % E,E,E,E, cos 5] . (13)

The angles are defined in Fig. 2.

The exponent of (13) consists of three triple-product
contributions and one quartet term. We now consider
the different cases for the evaluation of (13).
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(a) Negative quartets
If the triple products vanish because the structure
factor amplitudes are zero:

— Fobs  _n. — Fobs__(-
E3+4_Eh—h"_0a E2+3_Eh’ —03

Erya=EfSw —w=0; (14)
the only contribution to (E¢) is the last term in (12a).
Equation (13) then reads with a proper normalization
denominator:

P(e)=exp [—2B cos 9]/2rl,(2B) . (13a)
Since E,E;E, is the only contribution to (E{)
cos e=cos (m—J)= —cos J (see Fig. 2) .
The so-called cosine invariant is then:
(= _ I,(2B) .
{cose)= So P(e)cosede=— 1.0B) (14)

In contrast to (9) the probability of (134) is peaked at
o=rn, indicating a high probability that the product
E,E;E, has the opposite phase of E,. This is the case
of a so-called ‘negative quartet’.

(b) Strengthehed quartets

Ifall (or at least one) of the triple products in (13) are
large in comparison with the quartet term, the phase
of (E{) tends to the phase of E; and P(g) is peaked
around £=0. This is the case of a so-called ‘strength-
ened quartet’, because equations (56) and (9) are
peaked at 4p =0, =0 respectively, indicating that the
phase of (Ef) has a large probability of being near
the phase of E,;.

To get a measure of how the triple products
strengthen the probability of (13) compared with the
quartet probability of (9) one must replace E, 3, E,, ,,
E;. 4 with their expected values from E,, E;, E,:

1
EE; ;=(EE+EE_,).E,"

VN
1
EEs . =(EE,+ EE_).E,. W
1
EE,,,=(E;E,+EE_;) . E; YN (15)
Summing these equations results in
EE; 3+ EE 4, +EE, .,
1
=[3E,E;E,+E,(E:+ E2+ E?)]. (15a)

VN
Equation (12a) then reads:
(D =BEEE, +E,(E}+ E3+ E}].

2 1
N E,E:E,= N BE(E3+E;+EY

+7E,E;E,] (16)

REAL-SPACE ANALOGUE OF REFLEXION QUARTETS

2E,{E$) cos ¢= _]27 [BE¥E}+E3+E)

+7EE,E E, cos 9] . (16a)

The result for the probability is calculated by leaving
out the constant term which changes only the normali-
zation constant:

P(e)~exp [7—]2? E,\E,E;E, cos 5] =exp [7B cos J] .
(7
For a specific value of ¢ there are two possible values

0, and J, as can be seen from Fig. 3. The probability
is then

P(a)‘~% {exp (7B cos d,)+exp (7B cos 6,)} (17a)

with a limiting value of
Sil’l Emax = —COS 60=%E1E2E3E4/E3(E§+E§+Ei) .

The extreme values of the probability are therefore:

e=0: P(0)~cosh (7B)
€=Emax’ P(Emax)
~exp [—49BE,E,E,E,/3E¥E}+ E + E2))
P(emar) ~exp (—32D),

where
D= — E3E3EY(E}+ E3+ E) .

The triple-product contributions alone without the
quartet contribution would result in a circle with
Sin &ga =9/7 sin €, and a corresponding less distinct
phase indication.

Fig. 3. Phase indication from combined triplet—quartet indica-
tions. The expected structure factor (Ef) lies on a circle
with radius 7B/2E,. For a specific value of ¢ two values of
J are possible. The maximum value for phase deviation is
Emax- INCreasing the component of {(E{) in direction of E;
by a good estimate of E, means further reduction of &gax.
The dashed circle shows the phase indication from the
triplet contributions alone.
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The probability of (174) is however an overestima-
tion, because the expectation values in (15) require the
knowledge of E;.t

Assuming only the structure factors E,, E; and E,
to be known, the phase of E, calculated after (8) differs
by J from the exact phase ¢,. This changes (16a) to:

2
2E(ES) cos = —- [BEXES+E3+ EY)

+ 7E1E2E3E4] COS 5, (16b)

and (17) to:

P(e)~exp [6C+TB]cosd. (17b)
The ‘strengthening’ of the phase indication can be seen
from (17b) in comparison with (9).

If the contribution to E, . 3, E, .., and E; ., containing
the value E, is taken as totally unknown and left out,
the result is as follows:

Assuming in (124) that:

E 3= _Ez_E:x_

2
E,E,

VN
E4+2 = Eﬁ s

14

the single-triple-product phase indications «, # and y
after (5) are better or equal to the value J of the
quartet phase indication. A lower limit P*(g) for the
probability of (13) is then given if one replaces cos «,
cos f and cos y by cos J:

B34z

(18)

6
P(s) ZP*(E)NCXP [—V—N- {E1E2E3+4+E1E3E2+4

+EEEy s} — —]47E1E2E3E4] cos 5. (18d)

For the case of the equality in at least one of the equa-
tions (18) one gets:

P*(g)~exp % E\F,E;E,cos d=exp Bcosd. (19)

which is equal to the quartet indication of (9). The
probability P(e) from (13), i.e. the resulting phase indi-
cation ¢ is therefore always superior to the quartet
indication ¢ if at least one of the inequalities in (18)
is fulfilled.

1 Furthermore because of the probabilistic nature of (12)
and (15) there cannot be a boundary on the possible values of
{E$),implying that the consequences deduced [(17a) and Fig. 3)]
ar? only an algebraic result. This has been pointed out by the
referee.
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(¢) Weakened triplets

Instead of naming the case of the just-assumed phase
distribution a ‘strengthened quartet relation’, it could be
called a ‘weakened triple-product relation’ because the
negative contribution of the quartet term E,E,E,E, to
(E$) reduces the probability for a correct phase indi-
cation compared with the phase indication calculated
from the triple-product contributions alone.

To get a measure of how the quartet term reduces
the probability calculated in (13) compared with the
probability of the triple products alone, one takes the
average of the quartet contribution:

{P(©))= . exp {—2B{cos d)}

e
= r(;BT) exp {-—ZB %g%} . (20)
Defining
P(o, B, y)~exp [V_6N (E\E,E; 4 cos
4 E,EyE, 5 ¢08 B+ E\E4E; 45 COS y]

as the probability arising from the triple products, one
gets for the overall probability:

P@)=P@f,) exp (2B —j—%) L2B). @)

For small values of B this may be written as:

P(e)=P(a,B,7) . exp (—3B%) (2la)
where the exponential term shows the decrease in
probability for the triple products involved.

4. Further improved phase indications

The probability expressions derived above are due
to a very specific form of phase correction. The ques-
tion arises if it is possible to improve further the phase
indications by generalizing the modification functions.

(a) General cubic-term phase correction

The general form of cubic-term phase correction is
written in reciprocal space as:

b
CE§)=aEf + % (EE5 4+ EE, 4+ EE, L 5)
- —IEI— E,E.E, (22)
N 243844

with
c<—1;

E$ is an initial value for E,, not deduced from statis-
tics. A calculation equivalent to the derivation of
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(17b) leads to the following result:

2E{ES) cos e=2aE?} cos w
+[2b.C+@b+c)Blcosd (23)
where

243T
1-T

1
C= WE%(E§+E§+E§) , 3b+c=

and w is the phase difference of the estimate E§™.

The important point isthat the contribution connected
with the second term in (23) gets smaller if a lower
critical density 7T is assumed.

With a good estimate E$™, corresponding to the
first term in (23) the maximum probability will be
moved away from the origin, mainly along the direc-
tion of E,. This means that the phase indication gets
more distinct. Comparing (17b) and (23) gives an im-
provement of phase indication for:

2aE%cos w+[(3b+c¢)B

+2bC]cos 6 =[7B+6C]cos d ; (24)

with results in
2
coswz —- {$E,E,E:E,/JE}+ E3+E}+E? . (24a)

This result means that for an approximate phase indi-
cation better than cos w~1/N, application of the
general cubic-term phase correction is superior to the
special cubic-term phase correction of (10¢). At the
same time it indicates for what values of approximate
start phases one may expect convergence to the correct
result through application of phase correction.

(b) General real-space phase correction

As can be seen from Fig. 1 even with a general
cubic-term phase correction it is not possible to modify
the electron density ¢ correctly over the whole range
of ¢. For negative regions and for positive regions
¢>1 it should be ¢*=0 (see Fig. 4). Such a behaviour
could be approximated by including higher coefficients
according to (10a@). This would result in alternating
values for the coefficients of successive powers of g.
The reciprocal-space treatment corresponding to (11)
would result in multiple convolutions. Assuming a

modification function
o*=ag+bg"+cg"t!, (10e)

simple calculations give the coefficients as:

ae Q—(n+1).T""1

Q—n.T"1
_ 0
b= Q—n.T"!
L Q_Tn—l
€= Q—nT"-1

REAL-SPACE ANALOGUE OF REFLEXION QUARTETS

with
n—1
Q=3 T*.
k=0

Requiring Q=(n+1)T""* we get the general form of
(10¢):

o¥=m+1De"—ne"*'; n=2. (101)

The assumption of a good estimate for E, implies
values for the coefficients q, b, ¢, by approaching T=0,
which results in:

g*=0+0"—o"*'. (10g)

Between these extreme modifications are the inter-
mediate forms with 0< T'< 1.

The characteristic analytical behaviour of (10f) is
shown in Fig. 4. Depending on the even or odd value
of n, negative density regions are modified differently.
The critial value T for increasing or decreasing the
density can be shown to change with the power n as:

2

* T~ .

PD)=TR1= oo

The reciprocal-space analogue of (10f) contains n-

tuple convolutions which might be difficult to calcu-

late and to program in an actual phase determination
procedure.

It is however much simpler to apply such modifica-
tions in real space. The electron density ¢ itself is
modified to the corrected density ¢* and then trans-
formed to get structure factor values with a backward
Fourier transformation. The corrected density o* auto-
matically contains all powers of ¢ pertaining to the
chosen modification form. A simple real-space modifi-
cation, the so called ‘linear form’ (see Fig. 4) has been
shown to be successful.

101
P=16(p~01) //
N G

7

N\

Fig. 4. Characteristic differences between modification func-
tions g*=ag+ bg"— |c|o"** for the assumed values n=2 and
n=3. The modification with n=3 needs better start phases
since T=0-77 and treats regions ¢>1'43 and ¢ < —0-43 in-
correctly. The ‘linear-form’ modification is derived from the
power-series modification. For the range 1<0<8/6 the
value of ¢* has been fixed to unity to allow for the density
of oxygen atoms.
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The inclusion of higher powers of ¢ certainly in-
creases the range of convergence to the correct phase.
It is a safe assumption that the condition for the con-
vergence angle w for all reasonable real-space modifi-
cations is relaxed to:

cosw=0. (24b)

Some of the consequences arising from the modifi-
cation described above will now be discussed.

5. Application for phase determination

The cyclic process of phase correction has been de-
scribed (Gassmann & Zechmeister, 1972; Gassmann,
1976). The inclusion of very high powers of ¢ due to a
nonanalytical form of the modification and the elimi-
nation of physically nonsensible regions (nonlocal
weighting) leads to spurious, weak phase indications
for some reflexions. To exclude these phases from the
next cycle of phase correction, one must set an accep-
tance criterion for a newly determined phase. From
(6a) one recognizes that the essential factor is
E°®{E), which must lie above a certain limit to have
a reasonable probability for a correct phase indication.
Only if

E°{E€) >1limit 24)
is a phase accepted as input to the next phase-correc-
tion cycle.

The application of real-space phase correction has
been simplified by the use of the fast Fourier transform
(FFT) (see e.g. Barrett & Zwick, 1970). The use of the
FFT-algorithm may however lead to difficulties since
an intrinsic assumption of the algorithm is the non-
existence of frequencies (=structure factors) higher
than M/2, where M is the array size of the FFT-trans-
form. A modified electron density ¢* may contain very
high resolution structure factors. These values are then
intermixed with low resolution structure factors, if the

array size M is not large enough (Gassmann & Hof-
mann, 1975).

Conclusions

The concept of maximum electron density introduced
with phase correction leads to improved phase indica-
tions. The probability formulae derived show the pos-
sibilities of phase correction in structure determination.

The author is grateful to Professor W. Hoppe for his
continuous support of this work and thanks Dr P.
Colman for stimulating discussions.
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